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1. Superposition principle

« The output of a sum of inputs equals the sum of the respective outputs

 Input examples:
« force applied to a mass on a spring
« voltage applied to a RLC circuit
« optical field impinging on a piece of tissue
* etc.

« Output examples:

« Displacement of the mass on the spring
« Transport of charge through a wire
« Optical field scattered by the tissue

« Consequence: a complicated problem (input) can be broken into a
number of simpler problems
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1. Superposition principle

« Two fields incident on the medium u®+u,? u, 4y,

 Two choices:
* 1) add the two inputs, U; + U,, and solve for the
output __ |
* i) find the individual outputs, U'y, U’, U0 U,
and add them up, U'; + U, 1 1
 Choice 1i) employs the superposition
principle

* We can decompose signals further:

* Green’s method u.® y.'®
B . 2 2

Decompose signal in delta-functions

 Fourier method
Decompose signal in sinusoids

Medium

Figure 1.1. The superposition principle. The response of the system (e.g. a
piece of glass) to the sum of two fields, U1+U2, is the same as the sum of
the output of each field, U1’+U2".
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1.1. Green’s function method

« Decompose input signal into a series of infinitely thin pulses

* Dirac delta function:

o, X=0
5(X) =
0, x=#0

 Normalization:

T o(x)dx =1

« Sampling:
f(X)o(x—a) = f(a)o(x—a)

« Also note: T S(X)f (x)dx = f(0)
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Figure 1.2. Delta function in 1D(a), 2D(b), 3D(c)
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1.1. Green’s function method

a)1D case b)2D case c)3D case

A 12
U(t)t y
Zl “\

\
\
\
\
\
\
\
\
\
\

U(X',y, z)s(x=x"y-y'z-2"

i ¢
U(t" | /y y
U(t)s(t—t) :
. t' t X' X
U(t)=|U(t)o(t—t")dt' Q%9 o @ @
( ) - ( ) ( ) U(X, y): I _[U(x',y')5(x—x',y—y')dx'dy'. U(x,y,z)=_[IJ.U(x',y',z')5(x—x',y—y',z—z')dx'dy'dz'.
_UO@SO SRR

Figure 1.3. 1D (a), 2D (b), and 3D (c) signals can be described as an ensemble of impulses. The delta-functions have their
amplitudes equal to the signal evaluated at the position of the delta function, namely, U(t"), U(x',y"), U(x',y’, z").
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1.2. Fourier transform method

« Any plot can be represented by a series of sinusoids

. . . . . U(x,y,
* Solving linear problem for one sinusoid as input ¥ we Y Uy v R
. \ [ ity
is easy! N = o i _
" - _— , f U
e Qutput is summation of all sinusoid responses ey
A(w, ) cos(w,t) (k.:k,) = (0,0) (ky. ky, k) = (0,0,0)
W, + /// \_\~\\ + I
Temporal Signals: , .y
A(w,) cos(awt) ("'w"ﬂ\-n] ) (kxlt ky1, kz:)
—+. .. @ = temporal angular frequency @, ‘ ,
« +
o J +
Spatial Signals:

A(w,) cos(w,t)

A(k)@ik'r k = (k,,k,k,) = Angular spatial frequenc B > e wW+

(kxz Ryzs zz)

Figure 1.4. A signal can be decomposed into a sum of sinusoids: 1D (a), 2D (b), 3D (c).
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1.3. Example Problems

« EXxpress as convolutions with d-functions.

T1(x—5) I'(x-2) +sinc(% +5)
3 5x 5
n(%+3)—n(7—2) EA(g—zn)

* Prove the sampling property of the delta function.
f(x)6(x—a) = f (a)5(x—a).

« Solve the integrals.

Té(x)[x2+x+1]dx Té(x—S)[x2+x+1]dx
]Z 5(x)[€”]dx b real constant T 5(x=5)[€" Jdx b real constant
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2. Linear Systems

- f(t) is an arbitrary input, and g(t) is the output of our system.

’ g(t)

walil e Figure 2.1. Input and
(VAR \/ W . output of a system.

F(t)

- The system is characterized by a mathematical operator, L, such that L[ f (t)] =g(t).

» Since the system is linear, this operator is a complete characterization of the system!
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2.1. Linearity

 What makes a system Linear?

+ Asystem is linear if the system’s response to a linear combination of inputs is a linear combination of outputs.

Llaf(t)+a,f,(t)|=aL] f,(t)|+a,L| f,(t)]

— aigl (t) + azgz (t) J Where a, and a, are arbitrary scalars

* Remember from earlier L[f,(t)] = g,(t) & L[f,(t)] = g,(t)

* L is alinear operator
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2.1. Linearity

« What is the main takeaway of linear systems?

* Impulse Response
« First express function as sum of impulses

0

f(t)= [ f(t)s(t-t")dt
:i f(t)o(t—t)(th.—t).

« Systems response to input f(t) is the sum or integral of outputs

o0

LLF(t)]=] f(t)L[s(t-t")]dt

—00

« Since we deal with finite signals the system is fully characterized by its impulse response, h(t,t)

h(t,t)=L[5(t-t")].
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2.2. Shift invariance

* For linear shift invariant (LSI) systems, the response to a shifted impulse is
the shifted impulse response 0N

L[ s(t-t")|=h(t,t) 450 b S(t—t)
=h(t-t").

* This means the shape of the impulse response is time independent! g (t) N

h(t)

» This allows us to calculate the output g(t) with an input f(t)!

g(t)= [ f(t)h(t-t)dt:

Figure 2.2. In a linear shift-invariant system, the response to a pulse
shifted by t’ is the impulse response shifted by the same amount, t’.
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2.3. Causality

Can you become my favorite student without coming to class?
* NO! The effect cannot precede its cause ©

An output cannot precede its input
- Mathematically if f (t) =0, for t <t,

then g (t) =0, for t <t,.

0

Output can be written as: g(t)zj f(t—t)h(t")adt’, and h(t) = 0whent<t,
ty
Notice t; is our lower bound!

An LSI system is causal if and only if the impulse response, h(t)=0 whent< 0

a) by (0 )y g(t)

1) 2(r)

Figure 2.3. Input (b) and output (c) for a causal system (a).
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2.4. Stability

 What defines a stable system?
« Asystem is stable if it responds to a bounded input f(t) with a bounded output g(t)
« Mathematically: if |f(t)<b b is a constant and « is a system specific constant
then |g (t)| < ab,

* How to find &
« From our definition of impulse response |g(t)|=

0

[ f(t-t)h(t)dt

—0

st h(t)[dt.
» This proves that if the system is stable, then the impulse response is absolute-integrable.

azﬂh(t)‘dt<oo

« Therefore, we can conclude that a linear system is stable if and only if its impulse response is modulus-

integrable
| |p@]dt<oo.
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2.5. Example Problems

* The response of an LSI system to I'(x+a) is T1(x)

For what values of a is the system causal?

=X

If a = 5, find the response to the input f(x)=e 2
What is the transfer function of the system?

Is the system stable?

Is the system causal?

- A systems response to an input f(x) is g(X) = f (x+b) + f*(x+b).
Is the system linear?
Is the system shift invariant?
For what values of b is the system causal?

» Which of the following impulse responses correspond to stable and causal systems?
* h(xX)=T'(x-4).

h(x) =T1(x+2)
h(x)=e™*

h(x) =¢”
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3. Spatial and temporal frequencies
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3.1. Monochromatic Plane Waves

« Two very important exponentials we will use often

. g ' for temporal variations of a monochromatic field.
* @ is angular frequency [radians/sec]

ik : L .
. e for spatial variations of a plane wave along the x-axis
- Kk, is wavenumber or spatial frequency [radians/meter]

* Interesting fact
« Angular frequency of a HeNe laser is @ =3x10"rad /s
» Taking the real part of the exponential for this laser (cosine term) we get a period of T =2z/w=2.1x10"s
« This is roughly 2 femtoseconds!

« Normally we will visualize the real part of these important exponentials
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3.1. Monochromatic plane waves e ‘@0

a) C)

NANAY
VARVARY

3 2 1 =P

b) d)
cos(k,x) A (

ANV 4

AV

Figure 3.1. Temporal (a) and spatial (b) variation of (the real part of) a monochromatic plane wave. c) An observer positioned at x, counts the cars
of a train passing by: 1, 2, 3, .... d) The train is “frozen” in time and now the observer counts the cars while walking in the +x direction: 3, 2, 1.
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3.1. Monochromatic Plane waves

* The observer (c) at a fixed spatial position x, “sees” the wave
passing with a temporal phasep(t)=-at
» Observer (c) sees the “train” go by in the order 1,2,3

* The observer (d) “freezes” the wave at t, and walks along the x-
axis. This gives a spatial phase: ¢(x) =k, -x
» Observer (d) walks by the stopped “train” and sees the order 3,2,1
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3.1. Monochromatic Plane Waves Z
a) ,R K

]
‘ 0
14 1
1
]

%\

IS not parallel to the position vector, r ‘
X

wavefront, #(r)=const.

Spatial phase can be written as: 4(r)=k-r or 4(r)=krcos6 b)

k 1
* Notice along direction perpendicular to k there is NO PHASE CHANGE \<

Side notes

e describes a monochromatic plane

A'=2x/ |k |
y Wavelength is distance between two crests or two troughs Figure 3.2. a) Plane wave propagation at an arbitrary angle with respect to the
o Wave|ength and wavenumber are related by A=2r/ |k| coordinate system. The wavefront is defined by the surface perpendicular to k,

containing points of equal phase. b) Plane wave of longer wavelength than in a).
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3.2. Eigenfunction of a LS| system

* Acritical property of LSI systems Is the response to a complex exponential
IS also a complex exponential L(e"“’“"‘r): ae” " where «a is a constant

» This is a characteristic of eignefunctions!

* Proof:
L(e_'””t ) =0 (t) . Where g(t) is the response to the exponential

+ Using shiftinvariance property L[ f (t—t")|=g(t—t') weget L|e™ " |=g(t-t).
- Using linearity property we get L[e‘“’" .e‘i”t] =e""g(t).

. This holds for any tatt=0: 9 (-t")=g(0)e"" .

+ Thus we get our result L(e‘i“’t) = qe ',
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4. 1D Fourier transform
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4.1 Definition and conditions of existence

* For every w € (—, ), f(w) defines the Fourier transform of f(¢):
flo)= Jf(t)eiw’ dt.
* Inversion formula: )
1(1)=- [F(@)e a0

* Requirements for f to have a Fourier transform:
¥
* 1) fmust be modulus-integrable, 0‘ f (t)‘ dt<¥;
* 11) f must have a finite number of discontinuities within any finite domain,

* 111) f must have no infinite discontinuities.
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4.1 Definition and conditions of existence

¥

() < ¥, we define a truncated version f

/(1) [t weel-74.27)

0, rest
° . %
Example Z(a))z J-/COS(OCZ‘)'QM dt
T/ | sin (w+a)T sin (a)—a)T
_1 J/(e +e ) e dt = [ . A}+ [ — A}

—hmf( ) (a)+oc)+5(a) oc)

T—oo —
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* f(t) can be reconstructed by a
superposition of e, of different

.

4.2. Significance of the spectral phase

 Fourier transform:

f(@)=|f(w)

+ Amplitude: | f ()|

« (Spectral) phase: ¢(a))

Prof. Gabriel Popescu

ei¢(w)

f(t)
s AV
N \VV t =
| f ()|

vV V V V|V T+
—> le—
t, = ¢p(wy)/w,
£ (,)|cos[wgt + p(a,)] | |T(@2)]
A ANANA W AW
V VNIV VY > 4

Figure 4.1. Reconstructing the signal f(t) from is Fourier components,
represented here in terms of the real parts. Each Fourier (frequency, _ _
harmonic) component is characterized by an amplitude and phase. Founer optics



4.2. Significance of the spectral phase

a) b c) "
$(w)=0 absff(w)] Relf(t) P(w) =’ —— abslf(w)] —Relf(t)]
— W) — ()
0.8 2
0.6
04
02 0.2
0
b w 0 t W t
) 1 d) _
Hw)=w _i‘(’sl[)'(*')] Reff(t) Ho)=o’ abs{f(w)] Re[f(t)]
0.8 —f) 0.8
0.6 10.6
0.4 10.4
0.2 0.2
0 0

w t w t
Figure 4.2. The importance of the spectral phase at constant spectral amplitude. a) Constant spectral phase; b) linear spectral phase yields a signal
of the same spread, but shifted in time, c) quadratic spectral phase leads to pulse broadening, d) third order spectral phase yields broadening and
asymmetry.

Prof. Gabriel Popescu Fourier Optics



e Linear:

4.3 Properties of ID Fourier transform

~S ~/

S[alfl (t)+a2f2(t)]: alfl(a))+a2f2 (a))

» a) Central ordinate theorem:

Prof. Gabriel Popescu

7(0)= [ r(e)a

27 (0)

f

Figure 4.3. The central ordinate theorem: the integral of a function (its area) in one domain
relates to the value at the origin in the other domain.




4.3 Properties of ID Fourier transform

 b) Shift property: A /\

flt=t) e flo)e™ .
f(a) — a)o) < f(t)e_i“’to

—Refu,(1)]

w t

Figure 4.4. The effect of a frequency shift onto the time-domain signal.
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4.3 Properties of ID Fourier transform

 Shift property:

4 X

kZ

» Overlapping two signal of shifted spectra generates X K
a sinusoidal temporal modulation: X K
) ‘ :2 | (X) oc 14 cos(2k, x)
iwyt| _ Z
u(t) +u(t)e™| = 2Ju(r) (L+coswy). kx{ i‘kl
: . . B K
* In the spatial domain (off-axis plane waves at z=z,): z
I(x) =]t 4 ilbharvt) c _

= 2[1 + COS(2 bxx )] Figure 4.5. The effect of a spatial frequency shift (2k ) yields

a modulation in the spatial domain (x).
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4.3 Properties of ID Fourier transform

 c) Parsevall's (Rayleigh’s) theorem:

[lrof ar= |7 () do

7k ar..

.
_Uf(X)\ dx:gi

o [ = <| f (t)‘2> the average intensity of the signal

« S= | f (W)’2 the power spectrum of the signal
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4.3 Properties of ID Fourier transform

 d) Similarity theorem:

 The narrower the function, the broader its
Fourier transform and vice-versa.

Prof. Gabriel Popescu

a) Re[u(t)] a ()|
5 \/// \\\ ’f) \»\: ,’,‘g \‘v\/ t @
< "o
\ sy
t a
<> g
ar, a<l ’
b) AX B
oy )
— S ) ‘
\ X 1 kx
\ \ \ \ \ // >
— Y

Figure 4.6. The similarity theorem in the 1D temporal
(a) and spatial domain (b).
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4.3 Properties of ID Fourier transform

a) 9(t)

 e) Convolution theorem: J /f_/\
« The convolution operation of two functions f

and g is defined as: > t

fOg= jf g(t—1")dt'

f@xg jf x x')dx'.

Figure 4.7. Graphical illustration of the convolution
operation.
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4.3 Properties of ID Fourier transform

a) A f(t') 4 g(t) g(—t')T g(t—t')“
1 1 1 1 (I, TR :
1 1
I I \ j /:
I - > > > - —>
-1 1t t' t' t v
A “f tl
b) f(t) fog ¢ @ C) ®) 4 f@g
| I | ®
g@-t)! ! ! |
! | > > 1 | — >
-1 1 t' -2 -1 1 2 1 1 5t s 1 1 , t
e A ! f®g
d) 4 f(t) 4 f»g ) 1 f(t"
g(_z_t') I | |
: g(0-t) ! !
I — ® - i | R _ ‘
-2 -1 t —2 -1 1 t -1 1 1 1 7t

Prof. Gabriel Popescu

Figure 4.8. Convolution between a rectangular function, f, and a single-sided exponential.
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4.3 Properties of ID Fourier transform

 Convolution theorem:

* In the frequency domain, convolution

operation becomes a product:

fOD,g() & f(0)g(w)
« Commutative:

fWg =gWf

» Associative:

fO(gOh)=(fVg)©h

* Distributive:

f@(g+h)=fOg+fOh.

Prof. Gabriel Popescu

a)

b)

() H(%j u(t)
I @, “w AV A VA,
() o u (¢ )sin e(bi)
RN
| > \ "
\ X Ky
u(x) ;
N X kx
IEE SRR L
IS

Figure 4.9. Graphical illustration of the convolution

operation. Fourier Optics



4.3 Properties of ID Fourier transform

a)
a(@T n(¢] T ()
: : () Wi
 Transfer function of a linear system: =y SRR VAR YA
« OQutput g is the convolution between the input U(w)h ()
f and the impulse response h: ~ T
] » I M ” \\/A 1
g (f) = f@k . ) k
\ X N "x
= ~ u(x) &

g()=/(o)h(w)

» h(w) , transfer function

~
S
~_
\___/
\__/
[
—~
=~
~

\ X \kx

U(X)H[gj __ \ > > ;lji(\kx\)\ocu(kx)®sinc(bkx)

N
AN

/

Figure 4.9. a) Truncating the Fourier transform of a

signal. b) Truncating a signal in the spatial domain
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4.3 Properties of ID Fourier transform

ﬂ') & f( } () b s
I 1 - T |
| ! 1 Kn_____ x\x.--
| | : )
 g) Correlation theorem: - L :
b) T sy g¢=2) 4 f®g
o) I I '
I~
F®:g=] eIk ~nax i R :
— 00 - ] ; - 1 : r
‘:) $ 0 fag
* g is not flipped. ! —
I [ T80
B | ; :—l '] f
d) b e .
) ] .
g N | —
1 | l 'I"I'rl-I J: .
-1 1 I i ; -

Figure 4.10. Correlation procedure.
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4.3 Properties of ID Fourier transform

 Correlation theorem:

* In the frequency domain, the correlation
function also becomes a product:

f®.¢-7(k)E (k)

f(k)®, &(k)— /(x)g (x)

* Autocorrelation:

F(0) £5(e)

if g(x)=g(—x) then fOg=/Q g.

8./ f(0)] (o)

Prof. Gabriel Popescu

a)

fOf — @) =5(0)
T
<)
b) ‘
f®f —conv(f.f) ‘f(w)r — S(w) —5(w)
:F'
<)

t )
Figure 4.11. Correlation procedure. Power spectrum of a signal
can be obtained by Fourier transforming the autocorrelation
function (and vice-versa). Fourier Optics



4.3 Properties of ID Fourier transform

Sl — ]

 h) Differentiation theorem:

0 -
% & —ia)f(a)) b)

—iof (@)
F {s
- '““VW |

(r)" f( @) e/l |

« nth order derivative and its Fourier transform:

%@H(_iw)" F(o) |

« Autocorrelation of the derivative of a function
IS the second order derivative of the
autocorrelation:

of(t) gorlt) o[ ro /]
ot ot o
Prof. Gabriel Popescu Figure 4.12. Differentiation theorem. Fourier Optics
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4.3 Properties of ID Fourier transform

* 1) Moment theorem:

« The n™ moment, m,, of a function f(t) is
defined as:

m, = foo t"f(t)dt,n=0,1,2, ..
rif0)

dm"

- Differentiation property:¢" f(¢) <> (-1)

» Central ordinate theorem: N
o Ry
= J (0= (iy 2240)

* Frequency-domain moments:

Ta)”f(a))da): i _a”f(t)

=0

ot"

=0

Prof. Gabriel Popescu

(1)

410 m,

s

(ty=m,/m, t

4 () m2

fals

Tt

Figure 4.13. Moment theoremes.

f(w)

)
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* Mean

® Of (ki
(x) = / Xf(x)dx = my = f (k) Note the sign change, t vs. x
- =0
- a”f(f) . \nf
 Variance ot" ~ w)je) a)
. 0" (w) s
= f (x = (xX))*f (x)dx P (i1)"f (1) b)
o ow
— [ X2 (x)dx — 2(.1‘}[ xf(x)dx + {.1‘)2[ f(x)dx a”;‘(r) - (ff{ )Hf (/1 ) ¢)
= (x2) = (x)? ox" R
= my — my? 0"f (ki .
o S Gy
_ 07 (k) B [f@f{zﬁ} ] | ok,
ok, L ok, k2o
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4.3 Properties of

* ) Moments of a convolution:

h=f®g.

(o o]

| (x)dx=h(k, )\kxzo

0]

-Zeroth order moment is product of the two (are is
product of the two areas)

o0

jg(x)dx

—00 —CQ

Prof. Gabriel Popescu

ID Fourier transform

(1)

b)

-

Figure 4.13. Moment theoremes.
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« Mean (15t order moment)

f ® hody i
YA X

- ok

<.T>;r = = po

[}? { '!"t ]:E{ 'JI:H ]] | b .=0

f‘” h(x)dx [/ (ko) (k. }]|*‘--=D
a}?{!{\} o i aél‘;;{\.')

——— - Z ke =0 + if (ko) ——|i=
[{ a‘{{_y gl )lk'\ ’ U( ) a‘{".r lh ﬂ}

[/ (k2 )&k )]lk.=o
= (x) s + (X)g.

 Second-order moment
(X%, = () + (x%), + 2(x) o(x),

* |If f and g are zero-average, the

variance of the convolution Is

0% = 0,2 + 0,
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4.4 Common 1D Fourier transform pairs

« Rectangular function, 1 : 15 .
(x)
N
1=, 1)
—_ —_ 0
P(x)-%,\x|-% .
0, rest 0
T3 2 412 0 12 1 2 3

Figure 4.14. Rectangular function, I1.
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4.4 Common 1D Fourier transform pairs

b) Triangle function, A 15
1 L
1-1X|, xe(-11
0, otherwise 05
0
Symbol — A : Capital Lambda (looks like a triangle 057
function)
s 2 4 0 1 2 3

t
Figure 4.15. Triangle function, N
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4.4 Common 1D Fourier transform pairs

c) Heaviside or step, I'

I'(x)=

Symbol —I'" : Capital Gamma (looks like a step

function)

Prof. Gabriel Popescu

1 x>0
5 X=0
0, x<0

057

1.5

05| !

Figure 4.16. Step function, I
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4.4 Common 1D Fourier transform pairs

d) Signum, or sign function "o

-1, x<0 '

sign(x) =0, x=0 05/

1, x>0 ol

Note — T'(x) = [L+sign(x)]/2 05|
3 2 1 0 1 2 3

Figure 4.17. Signum function
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4.4 Common 1D Fourier transform pairs

e) Comb function 15

comb (X 25 X—n) el

N=—o00
0
Called comb because it looks like one!
057
X—a -1 | | '
Recall _5(T) =|b|S5(x—a) -3 -2 -1 0 1 2 3

X—a = . .
Thus, comb(T) = |b| z 5(x—a—nb) Figure 4.18. Comb function
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4.4 Common 1D Fourier transform pairs

f) Sinc function 15
. sinx/2
sinc(x) =
X/ 2
-0.5
-1 :
-3 2 1 0 1 2 3

Figure 4.19. Sinc function
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4.4 Common 1D Fourier transform pairs

g) Gaussian function

Prof. Gabriel Popescu

057

1.5

1 -

0.57

0

Figure 4.20. Gaussian function
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4.4 Common 1D Fourier transform pairs

h) Lorentzian function 1.5

1 L

1
1+ X

057

U L

057

Figure 4.21. Lorentzian function
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4.4 Common 1D Fourier transform pairs

Commonly Encountered Fourier Transform Pairs
() f(o) £() f(o)

8(t) 1 1
cos (@) S[o(0-ay)+d(@+am)]

o S(w+a,)

r(t) 75 ()=

sinc(%) TTI( T )

sincz(%) TA(eT)
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4.4 Common 1D Fourier transform pairs

Commonly Encountered Fourier Transform Pairs

a °0

1.5 15
1

1
0.5

0.5
0

05 0
-1

-3 2 -1 0 1 2 3 0.5

t
b cos(w,t)
1.5
)
1
0.5
0
0.5
-1
1.5
-3 2 1 0 1 2 3

Prof. Gabriel Popescu

C) 15

-0.5

[d(W' Wo)+ d(W+ Wo)]/2

d)

1
0.5 / \
0

1

0.5

0

Tsinc(wT)

N~

[

Tsinc*(wT)

-0.5

——abs[f(w)]

AN
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4.4 Common 1D Fourier transform pairs

Commonly Encountered Fourier Transform Pairs

2
o b2w? _
e 2° be‘Tw .I: ) r(t)e™
) — —abs]f(w)] — Imf(«)]]

Note that we use functions of variables t and m, but of course, these pairs apply equally well
to the spatial domain.
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5.1 Definition

 To study imaging the concept of Fourier transforms must be generalized to 2D
and 3D functions.

 Diffraction and 2D image formation 2D Fourier Transforms
 Light scattering and tomographic reconstruction — 3D Fourier Transforms

« A 2D function f can be reconstructed from its Fourier components via an
Inverse Fourier transform

f(X,y)= j j f(k,, Kk, )e" " dk dk,

—00 —00

« Conversely, the Fourier transform of fis

f(k, k)= j j f(x,y)e " “dxdy

—00 —00
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5.1 Definition

» Thus f(k k) assigns the amplitude and phase associated with the harmonic of
frequency k= (k,,k,).

» For a fixed frequency (k,,k,), the spatial dependence of phase is given by

p(x,y)=k-r
=k X+Kk,y

K
¢(X,Y)=\k\[xm+>’ﬁ] where  |k|=ykzZ+k?2

k- vector makes an angle 9=tan1(%j with the x-axis

e Thus, #(xy)=1k|(xcos8+ysin8)

- and wavelength (dist. over which the phase gains 21 along the direction of kis = 2"

]
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5.1 Definition

* The wavefront is defined as the contour along which the phase is constant. The
gradient of the phase is

* Thus, the wavefront, along which the phase change vanishes is perpendicular
to the k-vector, while the largest phase change takes place along the direction
of k.

A

* Note- the gradient of function f(x,y,z) is defined by the vector vf = ng +y Zf 17 -
X y Z
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>

5.1 Definition
) 6 y) o

|flk, k)|

The Fourier transform indicates
that the 2D function fis a
superposition of waves with
appropriate amplitude and
phase for each frequency.

<) § Relftk, k)] NN\ Im[f(k,, k)]

Figure 5.1. a) Example of a 2D function f(x,y). b) The modulus of the Fourier
transform (i.e. spectral amplitude). c) The real part of the Fourier component
associated with the frequency (k,, ko) indicated by the square region in b.
d)The imaginary part of the Fourier component associated with the frequency
(k.o k,o) indicated by the square region in b.
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5.1 Definition

* The convolution operation between two 2D functions f(x,y) and g(x,y) is defined
as

f@,0=] [ FOx,y)g(x=x"y—y)dxdy

—00 —00

« Sometimes, one can encounter one-dimensional convolutions of 2D functions,
f@,9=[ 1(x,y)g(x-xy)dx

- The symbol (v), indicates that the convolution operation is taken along x axis.

* Like in the 1D case, the only difference between convolution and correlation is
In the sign of the argument of g.
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5.1 Definition

* |f a function f has separable variables and can be written in the form f(x,y)= f,(x)f,(y)
then the 2D Fourier transform factorizes into two 1D-Fourier transforms.

f(k,.k,)= j j f(x,y)e " “Ydxdy

—00 —00

= [ f,09edx [ £, (y)e " “Vdy

« Sometimes it is useful to express such a function using the following identity
f (X1 y) = fl(x) fz(y)
=[1.0)8(N] @, [6(x) T,()]

Prof. Gabriel Popescu Fourier Optics



5.2 Significance of the Spectral Phase
a) b) (c)

(k. k,)=0 p(k,. k, )=k +k

(k. k,)=rand(k,, k,)

cos (k,, x)cos(k,,y)

VY T~ Nt
v

cos(k,,x)cos(k,, y)

cos (ks X)cos(ky, y)

...“ PP L L PN /\"
Y <

Figure 5.2. Significance of the spectral phase in 2D. A series of sinusoids (only 3 are shown here for clarity) are added up with various amounts of relative shifts
(spectral phases), as follows. a) The individual frequency components are aligned, meaning that there are no relative spatial shifts, as illustrated by a vertical dash
line. The result of summing all frequency components is shown in the bottom graph. b) The spectral components are shifted in space according to a quadratic function,
as suggested by the parabolic dash line. The resulting signal is broader than in a). c) The frequency components are summed up with random spatial shifts, as
indicated by the irregular dash line. The resulting signal is random as well.
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Figure 5.3. Two different images have their respective spectral phases swapped. a) Image 1, signal f,; b) magnitude of the Fourier transform of f,; c) spectral phase of
f, d-f) same as a-c but forimage 2, i.e., signal f, ; g) image obtained by inverse Fourier transforming the frequency signal consisting of spectral amplitude 1,

|f1 (ky, ky)|, and spectral phase 2, ¢, (ky, ky,); h) image obtained by inverse Fourier transforming |f, (ky, k) lei®1(kxky) The results show that, in this case, the
spectral phase, rather than amplitude, dictates the appearance of the images. Courtesy of Chenfei Hu.
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5.3 Properties Specific to 2D Functions
a) Shear theorem

If f(X,y) Is sheared then its transform is sheared to the same degree in the
perpendicular direction.

f(x+by,y) = f(k,,k, —bk,)

Proof

Let us change variablesto U = X + by

v=y

ou ou
The Jacobian for this variable change is J = & 5 —‘1 b‘ =
FE Ty avl o1

o dy
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5.3 Properties Specific to 2D Functions

a) Shear theorem

Proof

Thus
dudv = J dxdy

= dxdy
The Fourier transform of the sheared function is

o) = [ [ f(xrby,y)e " audy

—00 —00

= T T f(u,v)e T gudy

—00 —00

_ J- J- f(u’V)e—i[kx-u+v(ky—bkx)]dudv

—00 —00

= f(k.k,—bk,)  (ged.)
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5.3 Properties Specific to 2D Functions

b) Rotation theorem

If f(x,y) Is rotated in the (X,y) plane, then its Fourier transform is rotated in the (k,,k,)
plane by the same angle, in the same direction

( . -
The rotated coordinates are u _ Cos SING ) X
v) \sin@ cosd )y

[ xcos@—-ysind
 XSIn@+ycosd

The Rotation theorem states

f (xcos&—ysin@,xsin @+ ycosd) <> f(k, cosd—k, sin 6k, sin+k, coso)
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5.3 Properties Specific to 2D Functions

b) Rotation theorem

Proof

The Fourier Transform of the rotated function is

f,(k,k,) = ” f (xcos@— ysin @, xsin &+ ycos eV dxdy

Using a change of variables we get, U=Xxcosd-ysiné
V=XSIn@+ycosé
X=Uucos@+vsing
y=-usin@+vcosd
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5.3 Properties Specific to 2D Functions

b) Rotation theorem

Proof du du
. . dx dy
Using the Jacobian we have dudv = dxdy
dv v
dx dy
= dxdy

Thus,

* —i| k, (ucos@+vsin@)+k, (—usin&+vcosa)
fa(kx’ky):.. f(u,v)e [ y ldudy

.p f(u’V)e—i[u(kxcose—kysin0)+v(kxsin¢9+kycose)]dudv

= f (k, cos@—k, sin0,k,sin @ +k, cos o)
(9ed.)
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5.3 Properties Specific to 2D Functions

c) Affine theorem

Affine transformation changes the vector (x,y) into (ax+by+c,dx+ey+f)

Here a,b,c,d,e and f are scalars = transformation is linear followed by a shift

If an image undergoes affine transformation, then

» Points that were collinear remain collinear

‘ P, — pl‘
‘ P; — pz‘
where p1, p2 and p3 are collinear points

« Ratios of distance along a line do not change upon transformation i.e = const

Proof- Make use of the shift, similarity and shear theorems to prove
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5.4 Extension of 1D Properties

1) Central Ordinate theorem

o o0

j j f(x,y)dxdy = f(0,0).

—00 —00

2) Shift theorem
f(x—a,y-h)«<>e 7 f(k k).

3) Parseval’s theorem

j ]O [£(x,y)| dxdy = (271[ ; T T £ (k. k,)| dk,dk, .
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5.4 Extension of 1D Properties

4) Similarity theorem

1 -(k Kk
f(ax,b fl= 2],
(ax y)_)\ab\ (a bj

5) Convolution theorem
(%, Y)®,,9(xy) < f(k,.k)ak,.k,).
6) Correlation theorem

f(XY)®,, g(x,y) < f(k, k)G (k.kK,).
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5.4 Extension of 1D Properties

7) Differentiation theorem

%, " 0 ! . my: n g
&j [@) f(xy) - (k)" (ik,)" f (k,.k,) a)
_(5jm+(5jn f(x,y) o | (k)" + (k)" | fk.k)  b)
] OX oy | ' ' o |
8) Moment theorem
o _of
1 xf (X, y)dxdy =i o (0,0)

~

2% _of
yf (X, y)dxdy =1—(0,0) .
. aky
« Second and higher order moments can also be obtained similarly using the differentiation

theorem
Prof. Gabriel Popescu Fourier Optics




« 18t order moment (center of gravity)

(x) = f f (x, 1)6!\’(!1 df 3.0, 0)
/ / f(x, y)dxdy f(O 0)
[m ‘/_-oo}f(,(-‘ })d‘('d} af /a/i (0 O)

[: /::f(f V)dxdy - f(() 0)

() =

e 2Nd order moment

/ / f(x, y)dxdy = 62f )
/ / (x, y)dxdy = — j:f (0, 0)

1.

foo /oo Vf (x, v)dxdy = — azf (0, 0)
o T ok ok,

o0 o 2 27
/ / (X2 + P2 (x, y)dxdy = - ;/f (0, 0) + a/f,,(o, 0)].

tx (1:_
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5.5 Common 2D Fourier Transform

cos 12 1 12 1 e
a) () 2 S 2k )+ S S 2k ) TI(Y)5(X)

2

b) cos[27z(xcos @+ ysin 8)] f )

sinc(x)sinc(y)

COS 2% COS 277y

g) sinc? (x)sinc?(y)

\///

Prof. Gabriel Popescu

Pairs

IT1(k, )

ik, k,)

A(kIAK,)
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5.5 Common 2D Fourler Transform Pairs

QA0 2] 5(y) 5(k,)

-—- e &

sinc?(x)sinc(y) AkTI(K, ) cos zys(x) I(k,)

- -

[ (7 7)]

- &
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5.6 Polar coordinates: the Hankel Transform

e Cartesian to polar coordinates

X=rcost k,=k cos @'
y=rsmé k,=k sin &'
R 2 ,- -
F=qX" 1) k=, ko + k)
y
0 = tan~ ' —. f k,
X f'= tan~! —.
X
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5.6 Hankel Transform

« Most optical systems exhibit circular symmetry which can be utilized to

reduce a 2D Fourier Transform into a 1D integral
* non-trivial variable is the radial coordinate r

0 o0 027

_ . | 0 Y4 .

J‘ J‘ f(X, y)e—l(kx-x+ky-Y)dXdy :jj f(r)e—lkrcos(H—G)rdrde :j f(r)|:J elkrcosede} rdr
—00 —00 00 0 0

» Bessel function of zeroth order and first kind:

27
Jo(kr) _ % J‘ e—ikrcosedel
0

 This results in a Hankel Transform relationship

f (k) :27z]0 f(r)J, (kr)rdr f(r) :ZiT f (k)J, (kr)kdk .
0 7T 0

Prof. Gabriel Popescu
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5.6 Hankel Transform

» |dentities of Bessel function of the first kind
« nt" order Bessel function

27
‘]n(X) _ 1.n jeixcose .e"d o
271" /><

 Recurrence relation w %

d n n

&[X ‘]n(x):| =X ‘]n—l(x)
* Normalization Figure 5.6. Bessel functions of orders n=0,1,2

j J_(x)dx =1.

0

« Bessel functions of arbitrary order n form an orthogonal basis
_[Jn(kr)Jn(k'r)rdr _olk=k)
0
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5.6 Hankel Transform theorems

1) Central Ordinate theorem
» Fourier transform of origin equals the area under the function

£(0) = zxj )T, (0)rdr = znj fr)rdr

2) Shift theorem

« Hankel transform does not apply since the circular symmetry is destroyed during shifting

3) Parseval’s theorem
I 2 1 Fie, .2
£|f(r)| rdrzg_([‘f(k)‘ kdk .
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5.6 Hankel Transform theorems

4) Similarity theorem
* Note that the scaling factor indicates that the Fourier Transform is in 2D space

f(ar)eizf(Ej.

o \a

5) Convolution theorem
» Upon expressing the convolution integral polar coordinates we get,

w0 271

” f(r)g(p)r'dr'dd < f(k)g(k) where (p? =12 +12-2rr'cos6).
00

» Since the integral depends on 6 — it cannot be expressed as a hankel transform

Prof. Gabriel Popescu
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5.6 Hankel Transform theorems

6) Laplacian
» Fourier representation of the Laplacian transform
d*f(r) 1df(r)

o —k?f (K).
dr? r dr (k)

V2f(r)=—>"

7) Second moment

27

Trz f(r)rdr =— O .
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5.7 Common Hankel Transform Pairs

f(r) / (k)
_o(r) 1
5(x,y)— o
r 2 o~
f P ‘a| S (ak)
5(r—a), a>0 Zfz'a.fo(ka)
" 2;]1 k
n(z’—aJ 2ot 22154)
1 1
i k
2ma
e, a=a+ib (k3+a'2)
e 27
r ("’EJ”’"‘Q)}é
ar? k>
8_7 e 2¢
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5.8 Fourier-slice theorem

 Fourier properties can be used to
reconstruct knowledge of its
projections along certain directions
« Example: X-ray CT

 Fourier transform of the projection
along the y-axis is equal to a slice Object |

of from the 2D Fourier transform of fxy d F(k,.0)
the object function P09 k

e This is the Fourier-Slice Theorem
e This theorem can also be generalized Figure 5.8 a) Projecting the 2D object along the y-axis yields a 1D
. signal, p(x). b) The Fourier transform of p(x). c) The 2D Fourier
to 3D ObJeCtS transform of the object. d) The profile along the dash line in c), i.e.,
/7(#,,0). Note that the profiles in b) and d) are identical, meaning
that the Fourier transform of the projection gives a “slice” of the 2D
Fourier transform.
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5.8 Fourier-slice theorem

o If P(x)= [f(x. »)dv js the projection along y-axis and f(x, y) is the object
function then

p(k,)= T T f(x, y)dye™*dx =

—00 —00

= [ (k. y)dy =k k)| -

« Multiple projections along different directions (6) can be acquired to obtain
the entire Fourier transform

 Operation of integrating along different directions to obtain the projections is called the Radon
Transform, i.e. p(X, 8) is the radon transform of f(x, y)

* Transparent objects can also be studied using this technique where phase delay is
observed instead of absorption
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6.1 3D Fourier Transform

 Fourier Transforms in 3D are given as

o0 o0 O

uxyn—jjj (K, ky k, )" D dk dk, dk,

Yy Z

—00 —00 —00

o0 o0 oo

u@,ﬂg:jjjfudlm“”%““wme

—00 —00 —00

« Wavefronts are given by

Hx,y,z)=kx+k,y+k.z where k=(k,,k,,k,)
» Note that the direction of wavefront makes an angle perpendicular to k, that is consistent with

V¢(X1 Y, Z) =k
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6.1 3D Fourier Transform

« 3D Analogy of convolution

f@,.0= [ [ F(x\y 2)g(x=x"y -y’ z-2)dxdy"dz’

« Similarly cross correlation is
f@,0=] | f(x\y.2)g(x—xy-y,z-2)dxdydz

e Similar to 1D and 2D cases, the difference between correlation and convolution remains
whether g is rotated about origin or not

« Also when f has 3 separate variables — f(x,y,z)=f,(x) f,(y) f;(z) then

oo oo

f(kﬁ : k:l. : k:) _ J. J. J. f(x }:)E—.‘-(".‘7_1-1'—";‘_:_-.1'—-"-.‘_-3)(Ix{_{}:{_j’: _ J‘ J[{ (x)e—."(.‘l}.‘fj{_j‘x J‘ fg (}) . E_r.(k:'lj(f}:'l. f} (:) . E_;'(."'?___‘jd:}:

—30 —00 —0o
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6.2 Extension of 1D Properties

1) Central Ordinate theorem

o0 o0 o0

_H‘j xyz dxdydz—f(OOO)

—00 —00 —00

2) Shift theorem
f(x—a,y—h,z—c)<«> e ©®PI g K kY.

X1 Ny Yz

3) Parseval’s theorem

o0 o0 oo o0 o0 oo

.[ ,[ J.|f(X, y,2)|" dxdydz =

—00 —00 —00 —00 —00 —00

dk dk,dk, .

x? Ny Nz
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6.2 Extension of 1D Properties

4) Similarity theorem

~ k
fax by cz) o —— | K & K
labc] \a b ¢

5) Convolution theorem
f (X1 y’ Z)@xyzg(x’ y’ Z) g f~(kx’ ky’ kz)g(kx’ ky’ kz) *

6) Correlation theorem
F(XY,2)®,,a(XY,2) < f(kx,ky,kz)g*(kx,ky,kz).
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6.2 Extension of 1D Properties

7) Differentiation theorem

oY (oY(aY m e T P F
&j [5) (5) f(xy,2) e (ik,)" ik, ) (ik,)" F(k.k,.k,).

(%)m +[§jﬂ +(§H (X, Y,2) <—>[(ikx)m +(ik, )’ +(ikz)p} (K, k,.k,).

8) Moment theorem

T T T e v et — .2 C T T e g Of
LIS lf(l,}*',_)dlﬁg}"d_ - IE(OO 0) _'[3_'[3_.[: _f(.l; e ‘)d‘lcﬁ"d‘ - 15{:({1 0: 0)
[ [ [ a7, y,:)dxaﬁfd::fg((},(},(})
e T,
« Second and higher order moments can also be obtained similarly using the differentiation

theorem
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6.3 Spectral Phase

« Similar to 1D and 2D Fourier Transforms, spectral phase contains
significant information about the original signal

« Spectral phase determines how the different frequency components are
arranged with respect to each other

« Therefore, summing up the same frequency components with different
relative phases gives a different signal

« For example, if 2 input functions are Fourier transformed and have the spectral phases
switched before taking the inverse Fourier transform gives very different outputs with respect to
the initial functions
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6.4 Cylindrical Coordinates

 Cylindrical coordinates are useful in situations where the problems contain
symmetry, such as circular and cylindrical symmetries

« Consider an arbitrary function f then,
f(x,y,2)=9(r,,0,2) X+iy =re"’

where,

f(k)(! y;kz):g(kj_,gl,kz) kx_l_iky:kieig'

» Therefore Fourier transform relation for g,

0 27 0

)= [[a(k..0k, )l =" dk dgak,

g(k,,0'k,) g(r.,6,z)e =% gr dodz

8'—18 o
oc._.'s’ o
O =y 8
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6.4 Cylindrical Coordinates — Circular Symmetry

« Circular symmetry is when f is independent of 8 and thus f is independent
of 6’

» This symmetry implies that functions depend only on magnitude of the transverse spatial
coordinate and frequency

f(x,y,z)=h(r,z)
f (k. k. k )=h(k, k)

 Circular symmetry allows us to utilize the results of the Hankel transform,
n(r,2) = [ [R(k, k)3 (k,r, e, dk,di

—0 0

h(k, k) =27 [ [h(r,,2)3,(k,r, )e ™ rdrdz.

-0 0
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6.4 Cylindrical Coordinates — Cylindrical Symmetry

« Cylindrical symmetry is when f is independent of 6 and z and thus f is
iIndependent of 6’
« This symmetry implies that functions can be simplified as

f(x,y,z)=p(r)
lﬁ(kukz): pl(kL)§(kZ)

« Since p is constant in z, there is a dependence in k, through a delta function in the Fourier
transform

* Therefore, the transverse Fourier transform simplifies into
1 %
p(rJ_) — 2__[ pl(kJ_)‘JO (kJ_rJ_)kJ_ko_
Q 0

Iﬁl(ki)=27f_[ p(r.)J,(k.r )rdr .

0
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6.5 Spherical Coordinates

« Similar to cylindrical coordinates, spherical coordinates also turn out to be
useful in taking advantage of symmetries
« For an arbitrary function f, the transformation from cartesian to spherical coordinates

f(x,y.2)=9(r,0,¢) X=rsindcosg, y =rsindsing, z=rcosé
f(k,.k,.k )=0(k 0¢). k, =ksin@'cos¢’, k, =ksin@'sing' k, =kcosé'
» Resulting Fourier integrals are
T 27 0

r 9 ¢ J‘J‘J‘q k 0’ ¢ |kr[cosecose'+sin93in9'cos(¢—¢')]k2Sine.dkd@.d¢.
0 0
2r

|
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k 0’ ¢ g r 9 ¢ —|kr[cosecose+sm¢95m9cos(¢ ¢)]r Slné’drdé’d¢

||
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O =8



Common Fourier Transforms

1 . (k). [&). (kK
I1(x,y.z) (cube) ( 2}?)3 Smc(g}smc[ﬂ]ﬂlﬂﬂ(g)
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Common Fourier Transforms

()37 +7) (disk) 1 Sim{ k

(27)

2;:} 2+ W
T

2R (27) (1+¢’R?)
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AZ
koo koo kK
=sinc(==-)sinc(-2-)sinc(=%)
(%, y.2) ey
3D Fourier transform
F . ) examples
y
b AZ
kx kz A
1
I(x, y) 2n) smc( )smc(—)é(k )
I
o0 > »

Yy - >

k

, /’ y

C 42 K, th

I1(x) 1
(27)°
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> # k
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kX
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6.6 Fourier Slice Theory

* Fourier-slice theorem: There exists a relationship between the projection
of f along an axis, and the Fourier transform of f

pxy)=[fxy.2)dz I p, y)—Hf(x v, 7)dze'™**dxdy =

—00 —00

=TfWWyww

= f(kx’ y’kz) k,=0
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6.6 Fourier Slice Theory

 Fourier transform of projections are “slices” of the full 3D Fourier transform

« 3D object imaged using 2D measurements; in X-ray CT, we measured absorption along one
direction (projection)

« Can be used to measure transparent objects
* Phase delay measured instead of absorption=>» diffraction tomography
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