
ECE 460: Optical Imaging 

Homework1: Fourier Transform  

Due   01/28/2020 

 

1. Consider the input to an LSI system to be the step function, Γ(𝑥). Prove that the derivative of 

the output, g(x), yields the impulse response of the system, namely, 
𝑑𝑔(𝑥)

𝑑𝑥
= ℎ(𝑥) 

2. Prove the following property of the derivative of the δ function. 

∫ 𝑓(𝑥)𝛿′(𝑥 − 𝑏)𝑑𝑥 = −𝑓′(𝑏)
∞

−∞

 

Where f is an arbitrary function, derivable at x=b. 

3. Evaluate the following integral in terms of its Fourier Transform, 𝑓(𝜔) 

∫ 𝑓(𝑡′)𝑑𝑡′
𝑡

−∞

 

4. Evaluate the following integrals using properties of FT 

a) ∫ (
sin𝑥

𝑥
)
2
𝑑𝑥

∞

−∞
 

b) ∫ (
sin𝑥

𝑥
)
3
𝑑𝑥

∞

−∞
 

c) ∫ (
sin𝑥

𝑥
)
4
𝑑𝑥

∞

−∞
 

5. Prove the following Fourier transform pair 

𝐹(𝑡) = Γ(𝑡)𝑒−𝑎𝑡 sin(𝜔0𝑡) 

𝐹(𝜔) =
𝜔0

𝜔0
2 + (𝑎 + 𝑖𝜔)2

 

6. Prove that the autocorrelation of the derivative of a function is proportional to the second order 

derivative of the autocorrelation of the function, meaning  

𝜕𝑓(𝑡)

𝜕𝑡
⨂
𝜕𝑓(𝑡)

𝜕𝑡
= −

𝜕2[𝑓⨂𝑓]

𝜕𝑡2
 

7. The 1D wave equation for an impulse source both in time and space is  

𝜕2ℎ(𝑥, 𝑡)

𝜕𝑥2
−

1

𝑐2
𝜕2ℎ(𝑥, 𝑡)

𝜕𝑡2
= 𝛿(𝑥)𝛿(𝑡) 

Solve the equation in the spatiotemporal frequency domain, ℎ̃(𝑘𝑥, 𝜔) 

8. Compute the convolution 

 

 

Where 𝑟⊥ = (𝑥, 𝑦), 𝑘⊥ = (𝑘𝑥, 𝑘𝑦) 

9. Compute the 2D Fourier transforms of the functions illustrated below (shaded area has a value 

of 1 and the rest of 0). 



 
10. Solve the 2D diffusion equation in the spatiotemporal frequency domain, i.e. find ℎ(𝑘⊥, 𝜔) for 

𝑟⊥ = (𝑥, 𝑦). 

𝐷∇⊥
2ℎ(𝑟⊥, 𝑡) −

𝜕ℎ(𝑟⊥, 𝑡)

𝜕𝑡
= δ(r⊥)𝛿(𝑡) 

11. For the 3D wave propagation in vacuum, (equation given below), solve for ℎ(𝑟, 𝜔) 

∇2ℎ(𝑟, 𝜔) + 𝑘0
2ℎ(𝑟, 𝜔) = 𝛿3(𝑟) 


